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Part |

Computational Modeling of Lasers
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Stationary Pulse Solution of NLS Equation

o Electric field of light pulse propagating in optical fiber:

E(t,x) = 2Re{y(t,x)expli(Bot —wox)|}

Electric Field

@ Nonlinear Schrodinger equation for envelope, :

o) = L2 + ijy|*y

e Famous Stationary Solution:

(t,x) = Asech(Ax) exp(iA2t/2)
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Short Pulse Fiber Lasers

@ Generate a train of short, high energy light pulses by balancing

e Dispersion and nonlinearity
e Gain and loss

Dissipative systems: .
P ¥ Fixed
Diffraction  Soliton solution
or dispersion

N

Loss . .
Nonlinearity
@ In addition:
e Saturable absorber suppresses noise far from the pulse
e Spectral filtering facilitates pulse formation
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Applications of Short Pulse Fiber Lasers!
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!Diddams, “The Evolving Frequency Comb”, JOSA B, 27, (2010)
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Five Generations of Short Pulse Lasers?

@ Stationary pulses
e Soliton laser [1990]

e Periodically stationary (PS) pulses

o Stretched pulse laser [1995] “ o
o Similariton laser [2004] * e | o

o Dissipative soliton laser [2006]
e The Mamyshev oscillator [2017] L
0

Pulse breathing has increased with each successive generation

2Frank Wise: Guide to Modelocked Lasers
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https://wise.research.engineering.cornell.edu/pulse-evolutions/

Taxonomy of Laser Models

Averaged Models

Each physical effect is averaged °
over one round trip

Results in a single constant °
coefficient PDE

Generate stationary or PS pulses o

Stability analysis only involves °
the linearized operator

Lumped Models

Concatenation of components
each having a different effect

Component models:
input-output devices or PDE's

Generate PS pulses

Stability analysis requires
solution of the linearized PDE

Need lumped models to capture pulse breathing

in recent generations of mode-locked lasers

*Turitsyn et al., Physics Reports, (2012)
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The CGLE Averaged Model*-°

Cubic-quintic complex Ginzburg-Landau equation:

i0) + (2 = iB)92¢ — i) + [y —ie + (v — i) Y] |2 = 0

B=008, p=-0.1,v=-01 A
§=-0.1, £=0.66

0.8

— w
v ~ 0.7 b
S
2
Stable FP
T o6l v 11
FIG. 1. Plain pulsating soliton of CGLE. The parameters are -0.11 -0.09 -0.
D= +1, e =066, § =—0.1, g =008, u=—0.1, and 0 0.0 v 0.07
v =—0.1.

Numerical evidence for both stable & unstable breathers
based on reduced-ODE and PDE solvers

*Left figure: Akhmediev et al. PRE (2001)

®Right figure: Tsoy and Akhmediev, Phys. Lett. A (2005)
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Part Il

Monodromy Operators in Lumped Models
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Floquet Theory of periodic ODEs

@ If we linearize a nonlinear, autonomous ODE

B _ R with FiRT R,
dt
X(to) = Xp,
about a T-periodic solution x(t) = [x1(t), -+ ,x,(t)]T we obtain
dy . ST nxn
i A(t)y, with T-periodic A(t) = DFy(;) € R"™*".

e Monodromy matrix M is the solution operator: y(T) = My(0).
e y(nT)=M"yg
e Floquet Stability (Basic ldea):

@ Perturbations y of x decay if all eigenvalues of M satisfy |\| < 1.

@ Otherwise y can grow without bound.
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Model of experimental stretched pulse laser®

e Roundtrip Operator:

50%
R = POC o PDCF o PSMFZ o PFA o PSMFI o PSA

SMF1

&R

@ ¢ = 1(x) is periodically stationary if 36:

R() = 4.
FA
DCF e Monodromy Operator:
SMF2 _
Mu = lim R £ ew) = R(Y)
e—0 €

M = Z/{OC o UDCF OZ/[SMFZ o UFA o Z/[SMFI o uSA

®Kim et al, JSTQE, 20, [2014]
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Component Models for R

e Fiber Amplifier [Nonlocal in x]:

loss
Yout = 7DFAwin = w(LF/'V ﬁ F
D) = {g(f) <1+ Qzaf> /532+'7!W\2 V. gain \/

8
g(¢) - 1+ E(;)/Esat

- / (e, x) P dx
R

@ Saturable Absorber:

SAL B lo . pulse
wout - P (wln) - <1 1 + Wjin‘z/Psat> wln
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Linearization of Model Equations

@ We reformulate the nonlinear PDE's as systems for

-
¥ = [Re(y) Im(y)] " .
o Linearized solution operator in FA is tout = U™ uin = u(Lga, -):

Oru = [g(P)L + L+ Mi(¥) + Ma(¥) + P(Y)] u,

u(0,-) = wuy,, where
=5 (1 de2). TS
Ma(9) = ][9], Ma(h) = 2739,

and P(w)) is the nonlocal operator
2
P =50 [(1+ gat)v] [ v

M L2(R,R?) — L%(R,RR?)
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Computation of PS pulses

Two Stage Method

o Stage 1: Propagate Gaussian pulse over sufficiently many round trips
obtain a good initial guess for Stage 2.

e Stage 2: Minimize (v, 0) := E(v0o,0)/E (o), where
E(un0) = 5 [ IR(wn() - e”bo(0)d

using a gradient based optimization method.

We compute the gradient of £ by adapting the
adjoint state method of Ambrose and Wilkening
for finding periodic solutions of PDE’s.”

" Ambrose and Wilkening (2012)
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Existence Theorem for Monodromy Operator

Assuming 1 actually exists, what can we say about M?

Under some reasonable boundedness and regularity hypotheses on 1, 3!
monodromy operator, M.:

(a) M € B(L?(R,C?));
(b) M(H?(R,C?)) C H*(R,C?);

(c) For each v € H?(R,C?), u = M(v) is the unique solution after one
round trip of the linearization of R about ).

Proof: Apply analytic evolution semigroup theory® to the operators U/.

8Pazy, Semigroups of Linear Operators; Lunardi, Analytical Semigroups...
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Stability of PS Pulses

@ To obtain a truly periodic pulse we modify R and M:

R = R(—-0)oR M = R(-0)oM
o M is a differential operator on an oo-D function space L?(R,C?)
@ Spectrum of M:

(M) = opt(M) U ess(M)
e Point spectrum (set of eigenvalues):
apt(ﬂ) .= {A € C| Mu = \u for some u € L*(R,C?)}

@ Intuition re Essential spectrum of M:

© Quantifies growth of noise perturbations far from pulse
@ Mu = \u, but u decays too slowly to be in L?(R,C?)

3 is spectrally stable iff (M) C {AeC : [\ < 1} U {1}.
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Essential Spectrum of i

Theorem (Essential Spectrum Theorem)

For a lumped model that includes
e fast saturable loss (unsaturated loss {y) and output coupler (Coc)
@ saturable gain with gain, g = g(t), and bandwidth Qg

@ round-trip dispersion, Brr,

Tess(M) = {As(w) : w e RYU{O},

o) = toclt~tje {5 (1 ) [ etwoner)

X exp {:I:i(%w2 — 0)} .

Oess(M) is stable if more loss than gain far from pulse.

J. Zweck (NYIT) Laser stability Oct 30
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Eigenvalues of M

@ Phase invariance eigenfunction: M ug, = uy, where
uph(x) = J9(x).
Translation invariance eigenfunction: M uy, = uy, where

Ut (X) = P (X)-

e So, A = 1 is an eigenvalue of M with multiplicity (at least) two.

For the rest, approximate o(M) by eigenvalues of M € R2N*2N:

M(:, k) = M(ex).
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go = 6m~!, Egy = 200 pJ, Q, = 50 THz, N = 512

20 1 JUEEERE
715 05
§ g o j
<10 £ o oot
| \ /
g 051\, °,
< 5 . o//'

0 a It

o 2 4 6 8 10 4 05 0 05 1
z [ps] Re())

After Stage 1 [Evolution]: £ =8 x 1073
After Stage 2 [Optimization]: £ =5 x 10~%

Errors in A\ = 1: Phase: 1013 & Translation: 4 x 1011

Numerically computed spectrum validates theory
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Results with Slow Saturable Absorber

1 0147 J3 = 0.2801 + 0.9500i
3 —— 25 =0.2735+0.9177i
0.12 75 = 0.2528 +0.9185i

—— Jy0 = 0.2467 + 0.8930i

05

Im(A)

05

With slow saturable loss, noise can grow in wake of pulse
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Stability Boundary Tracking for Slow Saturable Absorber

™ (ps)

<
>
T

-0 = 50 THz
07/-» Q, = 51 THz
60y =52 THz
-a-Qq = 53 THz
-v-0Qq = 54 THz
06> Qg =55 THz
40, = 56 THz
~%-Qg = 57 THz
-0, = 58 THz
s Q=59 THz

0.5,
6 6.1 6.2 6.3 6.4 6.5 6.6 6.7

As amplifier gain decreases, response time of absorber can increase.

Distributing gain across more frequencies increases stability region.
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Part Il

Birman-Schwinger Operators for Averaged Models
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The Big Picture

Stability of stationary pulses characterized by Evans det, E(\).

Computation of E(\) requires solution of stiff ODE system
e Challenging for high dimensional problems

@ Can we compute point spectrum for breathers??

Breathers give rise to co-dim ODE system (via Fourier series)
e Theoretical definition of E(A) may not even be possible!

Alternate Approach:
Via a Fredholm determinant of a trace class operator
Today: Stationary Pulses + Low-Dimensions only!

In case of Complex Ginzburg-Landau Equation

J. Zweck (NYIT) Laser stability



Cubic-quintic complex Ginzburg-Landau

0w+ (3 — iB)OZY + (o — i) + [y —ie+ (v — ip)[¥P°] [y = 0.
Reformulate as a system for ¢ = [Re(¢)) Im(v)] T

Orp = (BOZ+ Ng+ Niftp|? + Najy|*) 9,

where

Nlle)

B-[p 7| esume(2.0)# (00,
5 B

and

|6 —« e —v _p =
N e
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Linearization of CQ-CGLE

@ Linearizing CQ-CGLE about 1), we obtain

8tu = ,CU,

L="L+M, with Lo = B9? + No,

where
M(x) = Na9o[* + Nafih|* + (2N1 + 4Naj9p %) 9o T
@ Linear stability of the 1 is determined by

0(L) = Oess(L) U ope(L).
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The essential spectrum of L

A= (§+ia) —p?(B£iD/2), p€R
S(N)

ot

—F

\
/5

Stable for 6 <0, 3 >0

Goal: Find a rigorous way to calculate the point spectrum.
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Trace class & Hilbert Schmidt operators; Fredholm dets

o0

Bp(H) = {K : H — H is compact : Z |pjlP < oo},
j=1

where {y1;}7°; are the singular values of K.
@ B1(H) = Trace class C By(H) = Hilbert Schmidt operators
@ Every K € By(L?(R,Ck)) has a kernel K(x,y) € Ck*k.
e For K € Bi(H) with {nx} an ONB for H:

Tr(K) = Z Mies KKk Z)\ = /RTI’(K(X./X)) dx

ﬁ 14+)7) Z DN, = i_o%Tr(/\”lC) =: det;(Z+K).

n=0 i <-<ip

o If K € By(H), then deto(Z + K) = e~ "R dety (T + K).
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Birman-Schwinger Program for Point Spectrum?®

e We convert differential operator, £ — A to a Green's operator, K(\).
e We show that IC(\) is a trace class operator.
@ Therefore, K(\) has a Fredholm determinant and

A€ op(L) <= I+ K(N) is invertible <= det;(Z+ K())) =0.

Pros:
@ Don't have to solve stiff systems of differential equations
e For stationary pulses: E(\) = det1(Z + K()))

Cons:

@ Fredholm determinant is of an infinite-dimensional operator

BUT
Bornemann devised a method to compute det;(Z + K).
9Gesztesy, Latushkin, & Makarov, Arch. Rational Mech. Anal., 2007
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Conversion to First-Order System

To calculate the spectrum of L., we convert the system (Lo — AN)u=0
to the first-order unperturbed problem

OxVoo = A(A Voo, Voo = [u uX]T,

where

022 022 4x4
A=|__ e C™".
B™1(A — Np) 0242

Similarly, we convert (£ — A)u = 0 to the perturbed problem

dv = (A(N) + R())v, v=[uu]’,

where the perturbation R is given by

[ o o] 0 0] [[M*2 0]
R_[—BlM 0} - {—B_1M|M|—1/2 OH o o = RR-
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The Unperturbed System

Define L4 : HY(R,C¥) — L2(R,C) [k = 4] by
w = LV = —0xv + A(A)v.
A € Tess(L) <= La()\) is not invertible.

For A\ ¢ 0ess(L), the Green's operator G4 = E;l is given by

v(x) = (Gaw)(x) = / Ka(x.y)w(y)y.

R

where
Kalx,y) =V¥(x —y),
with

_ A Ax
W(X):{ eA*Q, x>0,

eM1-Q), x<0,

where Q is the k x k projection matrix onto the stable eigenspace of A.
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The Perturbed System and Birman-Schwinger Trick

A € opi(L) <= Jv € L%(R,Ck) which solves the perturbed system

dev = (A(N) + R(x))v

or
[£a+ R(x)]lv=0
Birman-Schwinger Trick:

La+R=Lall +L;'R] = La[l + GaRR,],

So, for A ¢ oess(L),

X € opt(L) <= La+ Ris not invertible
<= |4+ Ga(A)R¢R, is not invertible
< T+ K(A) =1+ R,Ga(M)Ry is not invertible
Oct 30 32/45
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Explicit Formula for the Green's Kernel

The operator K is given by

Ko(x) = /R K(x, y)o(y)dy.
with kernel

B R, (x)QeAY)QR(y), X2y,
K(ny) - {Rr(X)( Q) A(x— y)(l _ Q)Ré(_)/)7 x <y,

o K is a Hilbert-Schmidt operator on L?(R, CK)
o K € L2(R,CK*k) N CO(R, Ck*k).

K is continuous, as R,R, = 0.
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General Criteria for being Trace Class!?

Theorem (ZGL)
Let K € Bo(L?(R,Ck)) be given in terms of an L?-kernel K such that

(K$)(x) = /R K, y)o()dy,

where K(x, y) is Lipschitz-continuous and K and its first partial derivatives
decay exponentially almost everywhere. Then K € By(L?(R, CK)).

@ Fredholm!® and Weidmann'! showed this for scalar kernels on [—1,1].
@ We generalize this to matrix-valued kernels on R.
@ And to operator-valued kernels, K € C%1([—1,1] x [-1,1], Ba(H)).

©Fredholm, Acta Mathematica, 1903
H\Weidmann, Mathematische Annalen, 1966
127Zweck, Gallo, Latushkin, Bol. Soc. Mat. Mex., 2025
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Lipschitz Continuity of the CQ-CGLE Kernel

Suppose that 1 € C1(R,R?), 1, 1, decay exponentially, |1)| > 0, on R
and €,y > 0. Suppose

a=[ey]" andb=[uv]" are not both 0, and

ifa# 0 and b # 0, then ma]l)%(\z/;(x)|2 < r for certain r = r(a,b) < occ.
x€

Then K is Lipschitz continuous.

Proof: By Cauchy’s Integral Formula

M| = VM GIMG)) = 5 [ VE(M (M) — ) de.

e Assumptions imply that det(M(x)) # 0 and so x — |[M(x)[*1/2 is C1.
e So, K(x,y) € COY(R,Ck*k), using FTC across diagonal.
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Analytical Formula for Fredholm Determinant

Theorem (GZL)
Let K € B1(L?(R,C¥)) have continuous exponentially-decaying kernel. Let

Kj(")(xl, oy xn) = det K (xa, x6)] 0 5y
where

jGJn)—{(jl Jn) i1 <y < k Wt}
Then

dety;(Z+K) = an Z/ K(”

=0 ey
Calculating det;(Z + K) seems hopeless!?
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Approximating the Determinant!3

To approximate
(n
dety(Z + K) = an Z/ K]

e Truncate R to [—L,L].
e Apply a quadrature rule to integrate over [—L, L]".
@ |Total Error| < |Truncation Error| + | Quadrature Error|

This approximation of the operator determinant

is given by matrix determinant.

13[Bornemann, 2008]
J. Zweck (NYIT) Laser stability Oct 30 37 /45



Approximation by Matrix Determinant

Let Q@ = Q) be a quadrature rule, evaluated at M nodes

—L <x3 <xp<---<xm <L and using positive weights wy, ..., wy.
Define Kq € CKM*kM to be the M x M block matrix
W1K(X1,X1) W2K(X1,X2) W/wK(Xl,XM)
K wiK(x2, x1)  waK(x2, x2) wp K (x2, xpm)
Q = . . )
wi K(xp, x1)  waK(xu, x2) WK (Xn, Xn)
where K(x, y) is the k x k submatrix given by the kernel.
Then the discrete determinants are given by
dQ,l = det[IkMXkM =+ KQ]
dQ’z =e Tr(KQ)det[|kMXkM + KQ]
Oct 30 38/ 45
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Truncation Error

Suppose that K € Bi(L?(R,CK)) has a kernel whose elements satisfy
Q@ Kj € Lip([-L, L] x [-L, L],C).
@ 3 C,a> 0 such that |Kjj(x,y)| < Ce 2K+l vwx, y € R,

Then (p=1,2)

|det,(Z + K) — dety(Z + zK|_1 )| < Cre -

Truncation Error decreases exponentially as L — oc.
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)4

Quadrature Error (Composite Simpson’s

Let K € B,(L?([-L, L], C¥)) have Lipschitz kernel, K. Let Q denote the
composite Simpson’s quadrature rule with spacing Ax. Then

|dg.p — dety(T + K)| < GAX.

For many CQ-CGLE pulses K is Lipschitz,
and so det,(Z + K) can be calculated with

| Total Error|] < Ce ?l4+CAx.

14Result extends to adaptive composite Simpson’s
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Truncation and Quadrature Error

108
5 5
o 10° W10
L L L L L L 10'12, L E]
2 3 4 5 6 7 102 107
L A X

Figure: Truncation Error (Left), Quadrature Error of O(Ax*) (Right)
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The Evans Function and the Fredholm Determinant

The kernel of the sech solution of NLSE is trace class. Therefore,!®
det1(Z + K()\)) = E(N),

where the Evans function is given by!®

16)\*
I+o ) 1+o0 )"

E(\) =
with o4 = /1 £ 2/,

We validate our approximation of det;(Z + K)

by comparison with this Evans function.

1 Gesztesy, Latushkin,& Makarov, Arch. Rational Mech. Anal., 2007
6See Kapitula and Promislow
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Sech Pulse: Evans vs. Fredholm Det

10° T g
\:»,‘
Dy

105 1= ~19et (KO —E®)

—EW)| A x=0.014

= aldety(ekO) M A x =0.0293

—— e T ---Ax=0.0586 | ‘

-0.5 -0.05 0 0.05
t t

Figure: Behaviour near order four zero at A\ = 0. Left: Slice along real axis.
Right: Zoomed in version of results on the left with finer discretizations, Ax,

across the pulse.
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Validation Results for Sech and CGLE

1040 — ‘ 0.1
= [det, (1K) ]
7|E(/\)| 0.05¢ 1
—  [det(I+K(\) :
200 -Tr(K(A)
10 IE()e ' S oe e )
-0.05} ]
100} ! ®
- T —————
: ‘ ‘ ‘ -0.1 ‘ ‘ ‘ ‘
0.2 0.4 0.6 0.8 0.4 0.3 0.2 0.1 0
t R(N)

Figure: Left: Results for sech pulse as A approaches the edge of gess(L) along
imaginary axis. Right: Spectrum of a stationary solution of CGLE: Essential

spectrum (solid blue lines) and eigenvalues using det; (Z + K())) (red pluses) and
method of Shen et al. (blue circles).

Zeros of analytic function det;(Z + K()\)) were computed
via Lyness’ method: Contour integrals + Newton.
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x10°

. T 1040‘ -
g | —R(det, (I+K(\)) | —[det, (I+K(\)] '
6l = -S(det(+K() | 10%0 | = -ldet(I+K()] "
4! 1]
/

2t .
0 -

0 02 04 06 08 1 0 02 04 06 08 1

t t

Figure: Left: Slice along line A(t) = A\ t, between eigenvalues at A = 0 and
Ac =~ —0.0033 + 0.0704/. Right: Slice along line joining A, to Ae.

deta(Z + K(N)) = e M) dety (T + K(N)).
and Tr(KC(A))

= =2+ 2= — —00as A\ — Aet.
Ver e et
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