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Part I

Computational Modeling of Lasers
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Stationary Pulse Solution of NLS Equation

Electric field of light pulse propagating in optical fiber:

E (t, x) = 2Re {ψ(t, x) exp[i(β0t − ω0x)]}

Nonlinear Schrödinger equation for envelope, ψ:

∂tψ = i
2∂

2
xψ + i |ψ|2ψ

Famous Stationary Solution:

ψ(t, x) = A sech(A x) exp
(
iA2 t/2

)
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Short Pulse Fiber Lasers

Generate a train of short, high energy light pulses by balancing

Dispersion and nonlinearity
Gain and loss

Dissipative Solitons 5

systems with gain and loss, in order to have stationary solutions, gain and loss must
be balanced in the first place. The two balances result in solutions which are fixed.
The shape, amplitude and the width are all fixed and depend on the parameters of the
equation. This situation is represented qualitatively in Fig. 2. For telecommunication
applications, the rigidity of the soliton may provide efficient suppression of noise
and stop any drift in the soliton parameters.

Clearly, stationary dissipative solitons can be considered as fixed points of an
infinite-dimensional dynamical system. Thus, their parameters are fixed. These for-
mations are stable on propagation, provided the system parameters are chosen in
appropriate regions. In general, dissipative solitons are not necessarily stationary. In
other words, fixed points are not the only objects that may exist in such systems. For
example, a limit cycle is another, more complicated, object that can exist in the phase
space of the dynamical system. It corresponds to a pulsating soliton where the pa-
rameters oscillate periodically [25]. These solitons usually exist in regions of the
parameter space which are adjacent to those of stationary solitons. However, even
in this case, the soliton characteristics are fixed, i.e., the period of the pulsations and
the shapes at particular points of the period are all fixed, since they are functions

Hamiltonian systems:

Dissipative systems:

Family of 
soliton solutions

Fixed
soliton solutionDiffraction

or dispersion

Diffraction
or dispersion

Gain

Loss
Nonlinearity

Nonlinearity

Fig. 2 Qualitative difference between soliton solutions in Hamiltonian and dissipative systems [1].
In Hamiltonian systems, soliton solutions are the result of a single balance, and comprise one- or
few-parameter families, whereas, in dissipative systems, the soliton solutions are the result of a
double balance and, in general, are isolated. There can be exceptions to this rule [16, 17, 18],
but, usually, the solutions are fixed (i.e., isolated from each other). On the other hand, it is quite
possible for several isolated soliton solutions to exist for the same equation parameters. This is
valid for (1+1), (2+1) dimensional as well as for (3+1) dimensional cases. In the latter case, the
terms “localized structures” [19] and “bullets” [20, 21, 22, 23] are also used, along with the term
“solitons” [24]

In addition:

Saturable absorber suppresses noise far from the pulse
Spectral filtering facilitates pulse formation
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Applications of Short Pulse Fiber Lasers1
and military interest and of interest to basic scientific studies [1,2]. The potential appli-
cations of CEPL lasers — many of which have been demonstrated in proof-of-principle
laboratory experiments — was recently partially summarized by Diddams [6] in a figure
that is reproduced here as Fig. 1.

Figure 1. A summary of potential CEPL laser applications and their relations [6].

The original demonstrations of high-peak-power, high-average-power laser systems
and of the CEPL lasers systems was done using Ti:sapphire lasers. However, most of the
new potential applications require the development of compact, robust, and inexpensive
sources, and nearly all applications would benefit from their development. Fiber lasers
appear to be the most promising avenue to achieve that in the near term. For that
reason, high-peak-power [7–9] and CEPL fiber lasers [6,8] have been the subject of intensive
development, and they are now competitive with Ti:sapphire lasers for many applications
— particularly when robustness, compactness, and cost must be taken into account.

However, fiber lasers are still not sufficiently robust for many applications. First, fiber
lasers typically remain stable for long periods of time, but then suddenly lose lock. The lock
must then be mechanically restored. The physical reasons for this instability are poorly
understood. Second, there is a large number of parameters that must be optimized for
any laser design, depending on the design goals and the application. Design goals would
typically include maximizing the output peak power and/or the repetition rate and/or
minimizing the residual phase noise on the comb lines. Laser parameters include the length
of the amplifier fiber, the reflectivity of the mirrors, the pump power and the use of forward
or backward pumping, the total length of the cavity, the placement of polarizers when
needed, and others. The existing models of modelocked fiber lasers can give qualitative
insight into the laser behavior; however, their treatment of the fiber components is too
primitive for these models to be quantitatively useful in either pinpointing and eliminating
the sources of instability or in optimizing the laser parameters.

The goal of our proposed research is to create models that are sufficiently accurate to
be used for modelocked fiber laser design. We anticipate carrying out this work in close
collaboration with the research group of Nathan Newbury at NIST. We have already made
important progress toward establishing the sources of instability in their lasers, which are

2

1Diddams, “The Evolving Frequency Comb”, JOSA B, 27, (2010)
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Five Generations of Short Pulse Lasers2

Stationary pulses

Soliton laser [1990]

Periodically stationary (PS) pulses

Stretched pulse laser [1995]

Similariton laser [2004]

Dissipative soliton laser [2006]

The Mamyshev oscillator [2017]

Pulse breathing has increased with each successive generation

2Frank Wise: Guide to Modelocked Lasers
J. Zweck (NYIT) Laser stability Oct 30 7 / 45

https://wise.research.engineering.cornell.edu/pulse-evolutions/


Taxonomy of Laser Models

Averaged Models

Each physical effect is averaged
over one round trip

Results in a single constant
coefficient PDE

Generate stationary or PS pulses

Stability analysis only involves
the linearized operator

Lumped Models

Concatenation of components
each having a different effect

Component models:
input-output devices or PDE’s

Generate PS pulses

Stability analysis requires
solution of the linearized PDE

Need lumped models to capture pulse breathing
in recent generations of mode-locked lasers3

3Turitsyn et al., Physics Reports, (2012)
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The CGLE Averaged Model4,5

Cubic-quintic complex Ginzburg-Landau equation:

i∂tψ + (D2 − iβ)∂2xψ − iδψ +
[
γ − iϵ+ (ν − iµ)|ψ|2

]
|ψ|2ψ = 0

VOLUME 85, NUMBER 14 P H Y S I C A L R E V I E W L E T T E R S 2 OCTOBER 2000

In this work we report the discovery of three new types
of cubic-quintic CGLE robust pulsating soliton solutions
with complicated behavior. They exist in three isolated re-
gions of the parameter space, a fact which facilitates their
identification as three different solutions. All these solu-
tions have two common features—they repeat periodically
in the z direction (the propagation direction) and they are
actually pulsating. We should say that there can be a great
variety of pulsating structures. All the solutions we have
found have distinctive features, and this allows us to clas-
sify them as “plain pulsating,” “erupting,” or “creeping”
solitons. We have studied their main characteristics and in-
vestigated in detail the region in the parameter space where
they exist. None of them can be found in analytic form,
and this feature is similar to stable stationary solitons of
the cubic-quintic CGLE [3]. However, pulsating solutions
are generic in the sense that they occupy appreciable re-
gions of the five-dimensional parameter space. Besides,
they can be excited from a wide range of initial condi-
tions. Eventually, and usually very quickly, each of them
will converge to that pulsating soliton which exists for the
given set of the equation parameters. An exception to this
rule occurs when two or more solutions exist for the same
set of parameters. When broad (but still localized) initial
conditions are used, several pulsating solitons can be ex-
cited simultaneously.

The (1 1 1) dimensional cubic-quintic CGLE describes
situations where there is a single transverse (or temporal)
coordinate (see, e.g., [3,16]):

icz 1
D
2

ctt 1 jcj2c � idc 1 iejcj2c 1 ibctt

1 imjcj4c 2 njcj4c , (1)

where d, b, e, m, D, and n are real constants, and c is
a complex field. The physical meaning of each variable
depends on the particular problem. In optics, t is the
retarded time (or a transversal spatial coordinate), z is
the propagation distance, and D represents dispersion (or
diffraction). By a proper rescaling in t, D can be fixed to
take the values of 61, without loss of generality. Hence,
the number of independent parameters in Eq. (1) is five.

An example of a pulsating soliton found numerically is
shown in Fig. 1. It shows perfectly periodic behavior with
the period in z being around 14. It has a different shape at
each z, since it evolves, but it recovers its exact initial shape
after a period. In this sense, we can call this type a “plain”
pulsating soliton. The solutions found by Deissler and
Brand [20] do not belong to this class, because, in their
case, the dispersion parameter D has the opposite sign, so
that the region of parameters where they exist is different.
It is also noteworthy that, contrary to the cases reported here,
the profile of the periodic solutions in Ref. [20] changes
only in the soliton tails. It also keeps its value of energy
almost constant, while, in the case of the solution shown in
Fig. 1, the energy, Q �

R`

2` jcj2 dt, changes from about
10 to 42 (Fig. 2). When we change the parameters of

FIG. 1. Plain pulsating soliton of CGLE. The parameters are
D � 11, e � 0.66, d � 20.1, b � 0.08, m � 20.1, and
n � 20.1.

the equation, the solution remains pulsating in a certain re-
gion which does not extend to the region with negative D.

A sample of the region (shaded) in the parameter space
with pulsating solutions is shown in Fig. 3. Beyond this
region, the solution either transforms into a stationary so-
lution (soliton or front) or bursts into chaos. The darkest
areas in Fig. 3, labeled II and IV, show the regions where
period-2 and period-4 pulsating solutions were found. This
fact indicates that the route to chaos in this particular case
is through period doubling bifurcations. However, in gen-
eral, the route to chaos can vary at the edges of the region
and is a complicated topic to study because we have five
parameters to change. In other cases (not shown here), the
pulsating solution can also be quasiperiodic, with several
incommensurate periods involved in the evolution. The en-
ergy, Q, versus z for these solutions is also quasiperiodic,
with several periods involved. In both cases, purely peri-
odic or quasiperiodic pulsating continues indefinitely in z.

Another class of pulsating solitons can be called erupt-
ing solitons. Erupting soliton evolution (see Fig. 4) starts
from a stationary localized solution which has a perfect
soliton shape. After a while its “slopes” become cov-
ered with small ripples (small scale instability) which seem
to move downwards along the two slopes of the soliton,
and very soon the pulse is covered with this seemingly

FIG. 2. Energy, Q, versus z for the solution in Fig. 1.

2938

420 E.N. Tsoy, N. Akhmediev / Physics Letters A 343 (2005) 417–422

can be studied using the specialized software[17]. We
analyse the system based on general theory and using
further simplifications.

Firstly, we consider solutions withb = 0 in Eqs.(7).
The real part of the eigenvalue which corresponds tob

is negative for any set of the system parameters. The
soliton center,x0(t), takes a constant value fort → ∞
and the real part of the corresponding eigenvalue is
zero (neutral stability). Therefore, we can make a fur-
ther reduction and consider a system with only three
variables, viz.Q,w, andc. We denote the three cor-
responding eigenvalues byλ1, λ2 andλ3. Note that,
since the characteristic equation for these eigenvalues
is cubic, then eitherλ1 = λ∗

2 andλ3 is real, or all three
λi are real.

We find FPs numerically by solving the algebraic
equations, and calculate the characteristic eigenvalues
by analyzing the Jacobian matrix. In this way, we have
identified the regions where solutions have distinctive
features. The bifurcation diagram for the dynamical
system(7) in the (ν, ε)-plane is presented inFig. 1. We
takeD = 1 andδ = −0.1 henceforth in the Letter. To
facilitate comparison with exact results, the parame-
ters of the model are chosen to be the same as in the
numerical simulations of Ref.[10], namely,µ = −0.1
andβ = 0.08.

When the value of the gainε is small, there are no
stable or unstable FPs (i.e., no stationary solitons) in
the system. This region is located belowε = 0.6, and
therefore it is not shown inFig. 1. For moderate values
of ε, there are two FPs. In the region below the curve
1 in Fig. 1(a), one FP is stable while the other one is
unstable. The signs of the real and imaginary parts of
the eigenvalues, for the stable FP in this region are the
following:

Re[λ1,2] < 0, Im[λ1] = − Im[λ2],
Re[λ3] < 0, Im[λ3] = 0.

The stable FP corresponds to a stationary CGLE soli-
ton with constant soliton parameterspj .

Curve 1 in Fig. 1(a) is the bifurcation boundary
(threshold) where the stable fixed point turns into an
unstable one. Above curve 1,

Re[λ1,2] > 0, Im[λ1] = − Im[λ2],
Re[λ3] < 0, Im[λ3] = 0.

Fig. 1. (a) Regions of existence and stability of FPs and limit cy-
cles (LCs) of the reduced system in (ν, ε)-plane. The central region,
between the two solid lines 1 and 2, corresponds to stable LC. (b)
Regions of existence for various soliton solutions obtained from nu-
merical simulations of CGLE(1). The region for pulsating solitons,
found numerically in Ref.[10], is copied from (b) to (a) for compar-
ison. The parameters of the dynamical system are shown in (b).

On line 1, a stable FP is transformed into a stable
limit cycle (LC) and an unstable FP. We confirmed,
numerically, that thestable limit cycle of model(7)
does indeed exist between the solid curves 1 and 2.
Two examples of LC in (Q,w,c)-space are shown in
Fig. 2(a) and (b). The limit cycle has zero size on line 1
in Fig. 1(a). This corresponds to a super-critical Hopf
bifurcation[18]. The limit cycle elongates inQ axis
direction whenε increases. It becomes infinitely large
and breaks off on line 2 inFig. 1(a).

Numerical evidence for both stable & unstable breathers
based on reduced-ODE and PDE solvers

4Left figure: Akhmediev et al. PRE (2001)
5Right figure: Tsoy and Akhmediev, Phys. Lett. A (2005)
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Part II

Monodromy Operators in Lumped Models
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Floquet Theory of periodic ODEs

If we linearize a nonlinear, autonomous ODE

dx

dt
= F(x) with F : Rn → Rn,

x(t0) = x0,

about a T -periodic solution x(t) = [x1(t), · · · , xn(t)]T we obtain

dy

dt
= A(t)y, with T -periodic A(t) = DFx(t) ∈ Rn×n.

Monodromy matrix M is the solution operator: y(T ) = My(0).

y(nT ) = Mny0

Floquet Stability (Basic Idea):

1 Perturbations y of x decay if all eigenvalues of M satisfy |λ| ≤ 1.

2 Otherwise y can grow without bound.
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Model of experimental stretched pulse laser6

Roundtrip Operator:

R = POC ◦ PDCF ◦ PSMF2 ◦ PFA ◦ PSMF1 ◦ PSA

ψ = ψ(x) is periodically stationary if ∃θ:

R(ψ) = e iθψ.

Monodromy Operator:

Mu = lim
ϵ→0

R(ψ + ϵu)− R(ψ)

ϵ

M = UOC ◦ UDCF ◦ USMF2 ◦ UFA ◦ USMF1 ◦ USA

6Kim et al, JSTQE, 20, [2014]
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Component Models for R

Fiber Amplifier [Nonlocal in x]:

ψout = PFAψin = ψ(LFA, ·)

∂tψ =

[
g(ψ)

2

(
1 +

1

Ω2
g

∂2x

)
− i

2β∂
2
x + iγ|ψ|2

]
ψ,

g(ψ) =
g0

1 + E (ψ)/Esat

E (t) =

∫
R
|ψ(t, x)|2 dx

Saturable Absorber:

ψout = PSA(ψin) =

(
1− ℓ0

1 + |ψin|2/Psat

)
ψin

loss loss

gain gain

pulse pulse
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Linearization of Model Equations

We reformulate the nonlinear PDE’s as systems for

ψ =
[
Re(ψ) Im(ψ)

]T
.

Linearized solution operator in FA is uout = UFAu in = u(LFA, ·):

∂tu = [g(ψ)K + L+M1(ψ) +M2(ψ) + P(ψ)]u,
u(0, ·) = u in, where

K = 1
2

(
1 + 1

Ω2
g
∂2x

)
, L = −β

2J∂
2
x ,

M1(ψ) = γ∥ψ∥2J, M2(ψ) = 2γJψψT ,

and P(ψ) is the nonlocal operator

P(ψ)u = −g2(ψ)
g0Esat

[(
1 + 1

Ω2
g
∂2x

)
ψ
] ∫ ∞

−∞
ψT (x)u(x)dx .

M : L2(R,R2) → L2(R,R2)
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Computation of PS pulses

Two Stage Method

Stage 1: Propagate Gaussian pulse over sufficiently many round trips
obtain a good initial guess for Stage 2.

Stage 2: Minimize Ẽ(ψ0, θ) := E(ψ0, θ)/E (ψ0), where

E(ψ0, θ) =
1

2

∞∫
−∞

|R(ψ0(t))− e iθψ0(t)|2dt,

using a gradient based optimization method.

We compute the gradient of E by adapting the
adjoint state method of Ambrose and Wilkening

for finding periodic solutions of PDE’s.7

7Ambrose and Wilkening (2012)
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Existence Theorem for Monodromy Operator

Assuming ψ actually exists, what can we say about M?

Theorem

Under some reasonable boundedness and regularity hypotheses on ψ, ∃!
monodromy operator, M:

(a) M ∈ B(L2(R,C2));

(b) M(H2(R,C2)) ⊂ H2(R,C2);

(c) For each v ∈ H2(R,C2), u = M(v) is the unique solution after one
round trip of the linearization of R about ψ.

Proof: Apply analytic evolution semigroup theory8 to the operators U .

8Pazy, Semigroups of Linear Operators; Lunardi, Analytical Semigroups...
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Stability of PS Pulses

To obtain a truly periodic pulse we modify R and M:

R̃ = R(−θ) ◦ R M̃ = R(−θ) ◦M

M̃ is a differential operator on an ∞-D function space L2(R,C2)

Spectrum of M̃:

σ(M̃) = σpt(M̃) ∪ σess(M̃)

Point spectrum (set of eigenvalues):

σpt(M̃) := {λ ∈ C | M̃u = λu for some u ∈ L2(R,C2)}

Intuition re Essential spectrum of M̃:

1 Quantifies growth of noise perturbations far from pulse

2 M̃u = λu, but u decays too slowly to be in L2(R,C2)

ψ is spectrally stable iff σ(M̃) ⊆ {λ ∈ C : |λ| < 1} ∪ {1}.
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Essential Spectrum of M̃

Theorem (Essential Spectrum Theorem)

For a lumped model that includes

fast saturable loss (unsaturated loss ℓ0) and output coupler (ℓOC)

saturable gain with gain, g = g(t), and bandwidth Ωg

round-trip dispersion, βRT,

σess(M̃) = {λ±(ω) : ω ∈ R} ∪ {0},

λ±(ω) = ℓOC(1− ℓ0) exp

{
1

2

(
1− ω2

Ω2
g

)∫ LFA

0
g(ψ(t))dt

}
× exp

{
±i(βRT

2 ω2 − θ)
}
.

σess(M̃) is stable if more loss than gain far from pulse.
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Eigenvalues of M̃

Phase invariance eigenfunction: M̃uph = uph where

uph(x) = Jψ(x).

Translation invariance eigenfunction: M̃utr = utr where

utr(x) = ψx(x).

So, λ = 1 is an eigenvalue of M̃ with multiplicity (at least) two.

For the rest, approximate σ(M̃) by eigenvalues of M ∈ R2N×2N :

M(:, k) = M̃(ek).
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g0 = 6m−1, Esat = 200 pJ, Ωg = 50 THz, N = 512

0 2 4 6 8 10
0

5

10

15

20

-1 -0.5 0 0.5 1

Re( )

-1

-0.5

0

0.5

1

Im
(

)

After Stage 1 [Evolution]: Ẽ = 8× 10−3

After Stage 2 [Optimization]: Ẽ = 5× 10−27

Errors in λ = 1: Phase: 10−13 & Translation: 4× 10−11

Numerically computed spectrum validates theory
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Results with Slow Saturable Absorber

With slow saturable loss, noise can grow in wake of pulse
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Stability Boundary Tracking for Slow Saturable Absorber

As amplifier gain decreases, response time of absorber can increase.

Distributing gain across more frequencies increases stability region.
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Part III

Birman-Schwinger Operators for Averaged Models
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The Big Picture

Stability of stationary pulses characterized by Evans det, E (λ).

Computation of E (λ) requires solution of stiff ODE system

Challenging for high dimensional problems

Can we compute point spectrum for breathers??

Breathers give rise to ∞-dim ODE system (via Fourier series)

Theoretical definition of E (λ) may not even be possible!

Alternate Approach:

Via a Fredholm determinant of a trace class operator

Today: Stationary Pulses + Low-Dimensions only!

In case of Complex Ginzburg-Landau Equation

J. Zweck (NYIT) Laser stability Oct 30 24 / 45



Cubic-quintic complex Ginzburg-Landau

i∂tψ + (D2 − iβ)∂2xψ + (α− iδ)ψ +
[
γ − iϵ+ (ν − iµ)|ψ|2

]
|ψ|2ψ = 0.

Reformulate as a system for ψ =
[
Re(ψ) Im(ψ)

]T
∂tψ =

(
B ∂2x +N0 +N1|ψ|2 +N2|ψ|4

)
ψ,

where

B =

[
β −D

2
D
2 β

]
, assume (β,D) ̸= (0, 0),

and

N0 =

[
δ −α
α δ

]
, N1 =

[
ϵ −γ
γ ϵ

]
, N2 =

[
µ −ν
ν µ

]
.
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Linearization of CQ-CGLE

Linearizing CQ-CGLE about ψ, we obtain

∂tu = Lu,

L = L∞ +M, with L∞ = B∂2x +N0,

where

M(x) = N1|ψ|2 +N2|ψ|4 +
(
2N1 + 4N2|ψ|2

)
ψψT .

Linear stability of the ψ is determined by

σ(L) = σess(L) ∪ σpt(L).
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The essential spectrum of L

Stable for δ < 0, β > 0

Goal: Find a rigorous way to calculate the point spectrum.
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Trace class & Hilbert Schmidt operators; Fredholm dets

Bp(H) = {K : H → H is compact :
∞∑
j=1

|µj |p <∞},

where {µj}∞j=1 are the singular values of K.

B1(H) = Trace class ⊊ B2(H) = Hilbert Schmidt operators

Every K ∈ B2(L
2(R,Ck)) has a kernel K(x , y) ∈ Ck×k .

For K ∈ B1(H) with {ηk} an ONB for H:

Tr(K) :=
∑

⟨ηk ,Kηk⟩ =
∑

λi (K) =

∫
R
Tr(K(x , x)) dx

∞∏
i

(1+λi ) =
∞∑
n=0

∑
i1<···<in

λi1 · · ·λin =
∞∑
n=0

Tr(∧nK) =: det1(I+K).

If K ∈ B1(H), then det2(I +K) = e−Tr(K) det1(I +K).
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Birman-Schwinger Program for Point Spectrum9

We convert differential operator, L − λ to a Green’s operator, K(λ).

We show that K(λ) is a trace class operator.

Therefore, K(λ) has a Fredholm determinant and

λ ∈ σpt(L) ⇐⇒ I +K(λ) is invertible ⇐⇒ det1(I +K(λ)) = 0.

Pros:

Don’t have to solve stiff systems of differential equations

For stationary pulses: E (λ) = det1(I +K(λ))

Cons:

Fredholm determinant is of an infinite-dimensional operator

BUT
Bornemann devised a method to compute det1(I +K).

9Gesztesy, Latushkin, & Makarov, Arch. Rational Mech. Anal., 2007
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Conversion to First-Order System

To calculate the spectrum of L∞, we convert the system (L∞ − λ)u = 0
to the first-order unperturbed problem

∂xv∞ = A(λ)v∞, v∞ = [u ux ]
T ,

where

A =

[
02×2 02×2

B−1(λ−N0) 02×2

]
∈ C4×4.

Similarly, we convert (L − λ)u = 0 to the perturbed problem

∂xv = (A(λ) + R(x))v, v = [u ux ]
T ,

where the perturbation R is given by

R =

[
0 0

−B−1M 0

]
=

[
0 0

−B−1M|M|−1/2 0

] [
|M|1/2 0

0 0

]
= RℓRr .
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The Unperturbed System

Define LA : H1(R,Ck) → L2(R,Ck) [k = 4] by

w = LAv := −∂xv+ A(λ)v.

λ ∈ σess(L) ⇐⇒ LA(λ) is not invertible.

For λ /∈ σess(L), the Green’s operator GA = L−1
A is given by

v(x) = (GAw)(x) =

∫
R
KA(x , y)w(y)y ,

where
KA(x , y) = Ψ(x − y),

with

Ψ(x) =

{
−eAxQ, x ≥ 0,

eAx(I−Q), x ≤ 0,

where Q is the k × k projection matrix onto the stable eigenspace of A.
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The Perturbed System and Birman-Schwinger Trick

λ ∈ σpt(L) ⇐⇒ ∃ v ∈ L2(R,Ck) which solves the perturbed system

∂xv = (A(λ) + R(x))v

or
[LA + R(x)] v = 0

Birman-Schwinger Trick:

LA + R = LA[I+ L−1
A R] = LA[I+ GARℓRr ],

So, for λ /∈ σess(L),

λ ∈ σpt(L) ⇐⇒ LA + R is not invertible

⇐⇒ I+ GA(λ)RℓRr is not invertible

⇐⇒ I +K(λ) := I+ RrGA(λ)Rℓ is not invertible
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Explicit Formula for the Green’s Kernel

The operator K is given by

Kϕ(x) =
∫
R
K(x , y)ϕ(y)dy .

with kernel

K(x , y) =

{
−Rr (x)QeA(x−y)QRℓ(y), x ≥ y ,

Rr (x)(I−Q)eA(x−y)(I−Q)Rℓ(y), x < y ,

Theorem

K is a Hilbert-Schmidt operator on L2(R,Ck)

K ∈ L2(R,Ck×k) ∩ C 0(R,Ck×k).

Proof.

K is continuous, as RrRℓ = 0.
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General Criteria for being Trace Class12

Theorem (ZGL)

Let K ∈ B2(L
2(R,Ck)) be given in terms of an L2-kernel K such that

(Kϕ)(x) =
∫
R
K(x , y)ϕ(y)dy ,

where K(x , y) is Lipschitz-continuous and K and its first partial derivatives
decay exponentially almost everywhere. Then K ∈ B1(L

2(R,Ck)).

Fredholm10 and Weidmann11 showed this for scalar kernels on [−1, 1].

We generalize this to matrix-valued kernels on R.
And to operator-valued kernels, K ∈ C 0,1([−1, 1]× [−1, 1],B2(H)).

10Fredholm, Acta Mathematica, 1903
11Weidmann, Mathematische Annalen, 1966
12Zweck, Gallo, Latushkin, Bol. Soc. Mat. Mex., 2025
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Lipschitz Continuity of the CQ-CGLE Kernel

Theorem

Suppose that ψ ∈ C 1(R,R2), ψ, ψx decay exponentially, |ψ| > 0, on R
and ϵ, γ ≥ 0. Suppose

a = [ϵ γ]T and b = [µ ν]T are not both 0, and

if a ̸= 0 and b ̸= 0, then max
x∈R

|ψ(x)|2 < r for certain r = r(a,b) ≤ ∞.

Then K is Lipschitz continuous.

Proof: By Cauchy’s Integral Formula

|M(x)| =
√
(M∗(x)M(x)) =

1

2πi

∫
γ

√
z
(
M∗(x)M(x)− z

)−1
dz .

Assumptions imply that det(M(x)) ̸= 0 and so x 7→ |M(x)|±1/2 is C 1.

So, K(x , y) ∈ C0,1(R,Ck×k), using FTC across diagonal.
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Analytical Formula for Fredholm Determinant

Theorem (GZL)

Let K ∈ B1(L
2(R,Ck)) have continuous exponentially-decaying kernel. Let

K
(n)
j (x1, . . . , xn) := det

[
Kjαjβ (xα, xβ)

]n
α,β=1

,

where
j ∈ J

(n)
k = {(j1 . . . jn) : 1 ≤ jℓ ≤ k ∀ℓ}.

Then

det1(I +K) =
∞∑
n=0

1

n!

∑
j∈J(n)k

∫
Rn

K
(n)
j (x)dx.

Calculating det1(I +K) seems hopeless!?

J. Zweck (NYIT) Laser stability Oct 30 36 / 45



Approximating the Determinant13

To approximate

det1(I +K) =
∞∑
n=0

1

n!

∑
j∈J(n)k

∫
Rn

K
(n)
j (x)dx,

Truncate R to [−L, L].

Apply a quadrature rule to integrate over [−L, L]n.

|Total Error| ≤ |Truncation Error| + | Quadrature Error|

This approximation of the operator determinant

is given by matrix determinant.

13[Bornemann, 2008]
J. Zweck (NYIT) Laser stability Oct 30 37 / 45



Approximation by Matrix Determinant

Let Q = QM be a quadrature rule, evaluated at M nodes
−L ≤ x1 < x2 < · · · < xM ≤ L and using positive weights w1, . . . ,wM .

Define KQ ∈ CkM×kM to be the M ×M block matrix

KQ =


w1K(x1, x1) w2K(x1, x2) . . . wMK(x1, xM)
w1K(x2, x1) w2K(x2, x2) . . . wMK(x2, xM)

...
...

w1K(xM , x1) w2K(xM , x2) . . . wnK(xn, xn)

 ,
where K(x , y) is the k × k submatrix given by the kernel.
Then the discrete determinants are given by

dQ,1 := det[IkM×kM +KQ ]

dQ,2 := e−Tr(KQ)det[IkM×kM +KQ ]

J. Zweck (NYIT) Laser stability Oct 30 38 / 45



Truncation Error

Theorem

Suppose that K ∈ B1(L
2(R,Ck)) has a kernel whose elements satisfy

1 Kij ∈ Lip([−L, L]× [−L, L],C).
2 ∃C , a > 0 such that |Kij(x , y)| ≤ Ce−a(|x |+|y |) ∀x , y ∈ R.

Then (p = 1, 2)

|detp(I +K)− detp(I + zK|[−L,L])| ≤ C1e
−aL.

Truncation Error decreases exponentially as L → ∞.
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Quadrature Error (Composite Simpson’s)14

Theorem

Let K ∈ Bp(L
2([−L, L],Ck)) have Lipschitz kernel, K. Let Q denote the

composite Simpson’s quadrature rule with spacing ∆x . Then

|dQ,p − detp(I +K)| ≤ C2∆x .

For many CQ-CGLE pulses K is Lipschitz,

and so detp(I +K) can be calculated with

|Total Error| ≤ C1e
−aL+C2∆x .

14Result extends to adaptive composite Simpson’s
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Truncation and Quadrature Error
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Figure: Truncation Error (Left), Quadrature Error of O(∆x4) (Right)
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The Evans Function and the Fredholm Determinant

The kernel of the sech solution of NLSE is trace class. Therefore,15

det1(I +K(λ)) = E (λ),

where the Evans function is given by16

E (λ) =
16λ4

(1 + σ+)4(1 + σ−)4
,

with σ± =
√
1± 2iλ.

We validate our approximation of det1(I +K)

by comparison with this Evans function.

15Gesztesy, Latushkin,& Makarov, Arch. Rational Mech. Anal., 2007
16See Kapitula and Promislow
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Sech Pulse: Evans vs. Fredholm Det

-0.5 0 0.5
t

10-5

100

|det1(I+K(6))|
|E(6)|
|det2(I+K(6))|

|E(6)	e-Tr(K(6))|

-0.05 0 0.05
t

10-10

10-8

E(6)
"	x	=	0.0147
"	x	=	0.0293
"	x	=	0.0586

Figure: Behaviour near order four zero at λ = 0. Left: Slice along real axis.
Right: Zoomed in version of results on the left with finer discretizations, ∆x ,
across the pulse.
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Validation Results for Sech and CGLE

0.2 0.4 0.6 0.8
t

100

1020

1040
|det1(I+K(6))|
|E(6)|
|det2(I+K(6))|

|E(6)e-Tr(K(6))|

<(6)
-0.4 -0.3 -0.2 -0.1 0

=
(6
)

-0.1

-0.05

0

0.05

0.1

Figure: Left: Results for sech pulse as λ approaches the edge of σess(L) along
imaginary axis. Right: Spectrum of a stationary solution of CGLE: Essential
spectrum (solid blue lines) and eigenvalues using det1(I +K(λ)) (red pluses) and
method of Shen et al. (blue circles).

Zeros of analytic function det1(I +K(λ)) were computed
via Lyness’ method: Contour integrals + Newton.
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CGLE: Behaviour near edge of σess(L)
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Figure: Left: Slice along line λ(t) = λct, between eigenvalues at λ = 0 and
λc ≈ −0.0033 + 0.0704i . Right: Slice along line joining λc to λe .

det2(I +K(λ)) = e−Tr(K(λ)) det1(I +K(λ)).

and Tr(K(λ)) = a+√
λ−λe,+

+ a−√
λ−λe,−

→ −∞ as λ→ λe,±.
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